In this paper, we propose a simple method for chaos synchronization in discrete-time, based on new criterion for stability. This criterion implying the Lyapunov stabilization criterion, and is applicable to some typical chaotic systems.
Introduction
During the last decade, synchronization of chaotic systems has received a great deal of attention among scientists from various research …elds, due to the variety of important applications [8, 11] .
Various methods and techniques [3, 4, 5] have been developed, and many types of synchronization have been presented [9, 10, 12, 13, 14] and their main attention was focused on the synchronization in continuous-time systems. However, many models mathematics of physical process, chemical , biology and ecology are given by discrete dynamical systems. For this reason there are demand to develop methods, and e¤ective techniques for discrete chaos synchronization.
In most chaos synchronization methods, synchronization achieved using Lyapunov stability theory to garantee the zero stability of errors dynamical systems. in this paper, based on some lemma derived from Halanay inequality, we introduce a new and simple stability criterion to synchronize chaotic dynamical systems in discrete-time. In [1, 2] authors derived an important result using discrete Halanay inequality, we give it in the following lemma:
Lemma 1 Assume that 0 < 1 and there exists a positive constant < such that jh (n; z n ; :::; z n r )j k(jz n j ; :::; jz n r j)k 1 ; 8 (z n ; :::; z n r ) 2 R r+1 :
Then there exists 0 2 (0; 1) such that jz n j max
for every solution fz n g of z n = z n + h (n; z n ; :::; z n r ) :
This lemma allow us to get synchronization achieved without using Lyapunov stability theory. This paper is organized as follows: in section 1, the new discrete synchronization criterion is proposed. In section 2, an example of chaotic system is discussed. In section 3, conclusions is maked.
A New Synchronization Criterion
In this section, we present the new synchronization criterion derived in the case of di¤erent and identical chaotic systems, respectively.
Synchronization of Di¤erent Chaotic Systems
Let us consider the d-dimensional discrete chaotic systems (drive and response system) described by
and
where
are the state vectors of drive and response systems, respectively, f and g are nonlinear continuous vector functions and k is the iteration index. The matrices A and B are given by A = (a nm ) ; B = (b nm ) 2 R d d and U is the vector controller to be determined. The synchronization problem is to …nd a controller U , which stabilize the error of synchronization: e(k) = Y (k) X(k), then the aims of synchronization is to make lim k !+1 ke(k)k = 0; where k:k is the Euclidean norm.
Remark 2 Many chaotic and hyperchaotic maps can be written under the form of (4), such as cubic map, logistic map, Hénon map, 3D discrete-time Baier-Klein map and 3D generalized Hénon map, etc.
The error dynamics between the drive system (4) and the response system (5), can be derived as follow:
To achieve synchronization between drive system (4) and response system (5), we can choose the vector controller U as follow:
; (p = 0; 1; 2; :::; r) ; are unknowns diagonals matrice to be determined.
By substitutying equation (8) into equation (7), the synchronization error can be written as:
Theorem 3 If the constants
then the synchronization error goes to zero as k ! 1, implying that the two systems (4) and (5), are globally synchronized.
Proof. The following di¤erence equation:
implies the following scalar equations:
Then, we can see that the equation (13) is the same as equation (3) in Lemma 1 with z n = e n (k); = 1 and h (n; z n ; :::; z n r ) = b nn e n (k) +
Thus, we apply Lemma 1 to equation (13), we get jh (n; z n ; :::; z n r )j = b nn e n (k) + P r p=0 l 
By using Theorem 3 we obtain < = 1; then max jb nn j ; l (0) n ; l
(1) n ; :::; l
je n (k)j = 0; 1 n d;
and from the fact lim k!1 ke(k)k = 0; we conclude that the system (4) and (5) are globally synchronized.
Proposition 4
The stability criterion in Theorem 3, implying the stability by Lyapunov function.
Proof. Assume that system (4) and (5), are globally synchronized with the above criterion. Consider the candidate Lyapunov function: V (e(k)) = P d n=1 e n (k) 2 ; we obtain:
and by Theorem 3, we have
then V (e(k)) < 0; and the implication is veri…ed.
Synchronization of Identical Chaotic Systems
Now, we consider the drive and the response chaotic systems are in the following forms
where X(k) = (x 1 (k); :::; 
and U is the vector controller to be determined. Then, the error dynamics between drive system (16) and response system (17), can be derived as follow:
To achieve synchronization between system (16) and (17), choose the vector controller U as:
; (p = 0; 1; 2; :::; r) ; are unknowns diagonals matrices to be designed.
Substitutying equation (20) into equation (19), one can obtain the following formula for the error system: 
then then the synchronization error goes to zero as k ! 1, implying that the two systems (16) and (17), are globally synchronized.
Proof. By using the same procedure of the proof of Theorem 3, we can see that:
(24) then we can see that the equation (22) is the same as equation (3) with z n = e n (k); = 1 and h (n; z n ; :::; z n r ) = a nn e n (k)+
(25) Now, we can verify the conditions of Lemma 1 to equation (22) jh (n; z n ; :::; z n r )j = a nn e n (k) + P r p=0 l
+ n k(je n (k)j ; :::; je n (k r)j)k 1 (r + 3) max n ja nn j ; l i.e., (16) and (17) are globally synchronized.
Remark 6
We remark that in the …rst case when the chaotic systems are di¤erent the controller is taken in a nonlinear form, but in the case of identical systems the controller is linear.
Numerical Simulation
In this section, an example of chaotic system is considered to validate the proposed chaos synchronization criterion.
The drive system is the 3D generalized Hénon map [6] : 8 < :
where a = 1:07; b = 0:3:
The response system is the 3D discrete-time Baier-Klein map [7] : 8 < : 
holds. Then they are globally synchronized.
With the help of Matlab, we get the numeric results that are showed in Fig.1, Fig.2 and Fig.3 . 
Conclusion
In this paper, by using Lemma 1, a simple criterion for chaos synchronization was derived. A typical example show the validity of this approach.
